Abstract. In the paper we show two uniqueness results for problems related to the thermomechanical model proposed by Frémond, which describes the structural phase transitions in the shape memory alloys.
Introduction
We consider the system of partial differential equations given by where xi and X2 are defined by xi = 0 + 02 and X2 = /32 -,61. The functions F and G represent the distributed heat sources and the body forces, respectively, E(u) is the linearized strain tensor and J is the identity matrix in R3 . For the physical meaning of the positive constants co, h, ii, .\, z, k, 1 and 9 we refer to [3, 7] . The given function N. Chemetov [3, 71 in 1987 for describing thermo-mechanical processes and structural phase transitions (martensite austenite) in shape memory alloys. Later on this system has been studied under different simplifications in many articles (see a review in [1, 2, 4, 5] ). Here we would like to pay our attention to three articles [1, 2, 4] , where system (1.1) -(1.3) has been investigated in a full formulation. In [4] for the one-dimensional case system (1.1) -(1.3) has been taken in the quasi-stationary statement, that is, the inertial term Ugt has been omitted. Due to these assumptions an explicit form for Ur has been obtained. This has allowed to write the system just in the terms of the unknowns 9, Xi, X2 and as a consequence to show both existence and uniqueness results. In [2] P. Colli has established an existence result for the quasi-stationary form of system (1.1) -(1.3) already in the multi-dimensional case. But the uniqueness of solution has remained an open question. Also we would like to mention article [1] where an existence result has been obtained for system (1.1) -(1.3) without any simplification in one space dimension. The uniqueness result has not been proved.
The main purpose of our article is to show the uniqueness results for these last two problems.
Formulation of results
2.1 Formulation of the first result. First we recall some notations. Let (,.) and be the scalar product and the norm in L2 (1) , respectively, and let us denote by n the outer unit normal to the boundary Ô1 and by { 0 , rN} a partition of aQ into two subsets such that I'o has a positive surface measure. We set K = 1(11,72) Concerning the data of the problem we suppose 
Problem (P1). Find
a.e. in (0,T), for all 0 E H'(Il)
a.e. in Q, for all (71,72)€K
Remark 2. Formally equation (2.1.6) is equivalent to equation (1.2) taken in the quasi-stationary case, i.e. without the inertial term iigj, where u satisfies the boundary conditions
where J is the unit matrix. 
where 0 = A + 2 > 0 (see (2.1.1) and ( 1.2)). In the sequel we denote by (,) either the dual pairing between (H())' and H (1) or the scalar product in L2 (1), by . and (.,.) the norm and the scalar product in L2 (cl), respectively. Let the data of the problem satisfy the conditions
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and let the function a be non-negative, vanishing from 9, > 0,
is sufficiently small. A, B, B', C1, C2 , ... > 0 will denote constants that are independent of x,t and, possibly, depend on the data of Problems (P1) and (P2), i.e. onOo,wo,uo,x i, o,x2,o,q,f,F,G,g, co l h,L,v,fl,k,l,9,c 0 and 0,. 
Problem (P2). Find
9€ L2 (0,T,H 2 (cl)) fl H'(0,T,L2()) fl C°(0,T,H'(l)), 9 ? 0 a.e. in Q U E W" -(O, T, H (cl)) n L(O, T, H(l)) n H 2 (O, T, (H(cl))') (2.2.4) X1,X2 E H'(O,T,L2(cl)), (XI, X2) E K such that -19. Xi) + a ((a(9) -9a'(0)) X2uz) -h9 = F + a(0)X2uxt a.e. in Q (-1)'h9(s,t) + 77 3 (9(s,t) -f(t)) = 0 a.e. in (0,T), for s = 0,1 9(x,0) = 90 (x) a.e. in Q (2.2.5) (UtL,V) + a(u,v) + (a(9)X 2 ,vX ) = ( G, v) a.e. in (0, T), Vv € H(l) u(x, 0) = u 0 (x) and u 1 (x, 0) = wo(x) a
Remark 5. Here and in what follows

Common estimates of the difference of solutions
In the section we deduce estimates that are true for both problems (P1) and (P2). First let us make few remarks about some usefull notations which we use in what follows. In this section, just for shortness of explanation, formulaes (2.1.1) -(2.1.9) and (2.2.1) -(2.2.9) are denoted by (2.J.1) -(2.J.9). Let us suppose that system (2.J.5) -(2.J.7) has two different solutions and and denote by the difference of two functions W and 90 2, i.e. = -Also, in the sequel we often use two trivial identities that allow us to have a necessary factor 0 1 or 0 2 for i7. Therefore without loss of generality we can write this identity omitting the superscripts, i.e.
VO (3.1)
The following estimate plays the crucial role in the proof of two uniqueness results. 
Lemma 4.
Proof. Taking the difference of (2.J.5)' and (2.J.5) 2 and integrating it on the time variable over (0,7-) we have ( coo -10. X, + (a(9) -9& (9) -(a(9) -9'(9))div u + J + J a(9) 2 (div u),ds, where
Here we have combined, using integration by parts, the terms in a more convenient form for the following considerations. Therefore, if we substitute in (3.6) 9 and integrate it on (0,t), taking into account ( By the inequality abS e a2 62 --+ , 2 2c
Due to Remark 1,
J2
.co/IIIIdivuIPdr.
To conclude the proof of this lemma we need just to rewrite the integral I in (3.8) using the fact that = ( 0 ) t and integration by parts in the time variable:
The lemma is proved I Lemma 5. There exists a constant C3 such that
Proof. To show estimate (3.9), we choose (71,72) = ( x,x) in equation (2.J.7)'
and (71,72) = ( x 1 , x) in equation (2.J.7) 2 . Taking the sum of the deduced inequalities and integrating it on the spatial variable x E Q and the time variable in (0, t) we easily get
+ a(9)div u jJdrdx < 0. (3.10)
Hence using that a(9),a'(0),divu E L(Q) (see (2.J.8)) in the relation
for some with values between 01,92 and applying the inequality ab e + in the 2 2e
last integral of (3.10) we obtain
IIJII(T)) dr + C 4 I
(IIII 2 + Ildivu112dr.
j=1
Therefore, due to the Gronwall inequality we deduce the desirable inequality (3.9)1
Uniqueness result for Problem (P1)
In order to get this uniqueness result, first we present an auxiliary lemma. :5 a(ü,ü) In order to estimate the integral I, first we show that divu t E L2(0,T,C°()). In fact, due to (2.1.4) the function = (Ilvdiv ut )11 2 + I(div ui ) 11 2 + E IIV(U,),112 + 1()x2) 1 112) is such that (t) E L' (0, T) and, of course, (t) < oo for a.e. t E (0, T).
(4.3)
Hence from (2.1.6) it follows that the function uj satisfies for a.e. t E (0,T) jT1 Xi = G -,zdiv(V(u1)t) -7(((9)x2)1) in D' (1) (i = 1,2,3)
and three boundary conditions in a suitable sense which are similar to the conditionsof Remark 2. This identity and (4.3) imply that P(x,t), P1 (x,t) E H 1 (l) for a.e. By the Holder inequality and the embedding theorem H'(l) C L 4 (l), we get
Let us apply the same idea to estimate the integral 13: Hence y(t) = 0 or 9 = 0, u = 0, i = 0,X2 = 0 for any 0 < t I. We can repeat the same estimates for the interval [1, 21] and so on. Therefore the solution of Problem (P1) is unique I
Uniqueness result for Problem (P2)
In this section 01 , ul, IIII2dr.
